We theoretically study the quantum Fisher information (QFI) of the SU(1,1) interferometer with phase shifts in two arms taking account of realistic noise effects. A generalized phase transform including the phase diffusion effect is presented by the purification process. Based on this transform, the analytical QFI and the bound to the quantum precision are derived when considering the effects of phase diffusion and photon losses simultaneously. To beat the standard quantum limit with the reduced precision of phase estimation due to noisy, the upper bounds of decoherence coefficients as a function of total mean photon number are given.
I. INTRODUCTION
The estimation of the optical phase has been proposed and demonstrated using different quantum strategies and interferometric setups [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In particular, interferometers can provide the most precise measurements, for example, the gravitational waves can be observed by the advanced Laser Interferometer Gravitational-Wave Observatory (LIGO) [13] . The Mach-Zehnder interferometer (MZI) and its variants have been used as a generic model to realize precise measurement of phase. In 1986, an SU(1,1) interferometer was introduced by Yurke et al. [14] , where two nonlinear beam splitters (NBSs) take the place of two linear beam splitters (BSs) in the traditional MZI. It is called the SU(1,1) interferometer because it is described by the SU(1,1) group, as opposed to the SU(2) one for BSs. The phase sensitivity of an SU(1,1) interferometer scales as 1/n instead of 1/ √ n, where n is the average number of photons inside the interferometer. This enhanced sensitivity has attracted the attention of many researchers to study this interferometer, which have been constructed with several platforms, such as light [15] [16] [17] [18] , atoms [19] [20] [21] [22] , nonlinear crystals [23, 24] , and matter-light hybrid [25] [26] [27] [28] [29] [30] [31] . Recently, a simplified variation of the SU(1,1) interferometer-truncated SU(1,1) interferometer has been presented, which can achieve the same phase sensitivity [32] [33] [34] .
For an SU(1,1) interferometer, several measurement methods, such as intensity detection [35, 36] , homodyne detection [35, 37] and parity detection [38] , have been studied to analyze phase estimation. Every measurement * lqchen@phy.ecnu.edu.cn † kyzhang@phy.ecnu.edu.cn ‡ chyuan@phy.ecnu.edu.cn method has its own superiority and these several detection methods were compared [38, 39] . In general, it is difficult to optimize over the detection methods to obtain the optimal estimation protocols. Fortunately, the quantum Fisher information (QFI) is the intrinsic information in the quantum state and is not related to the actual measurement procedure [4, 5] . It characterizes the maximum amount of information that can be extracted from quantum experiments about an unknown parameter using the best (and ideal) measurement device. It establishes the best precision that can be attained with a given quantum probe. We have investigated the QFIs of the SU(1,1) interferometer with several different input states for lossless case [38, 40] .
Because there are inevitable interactions with the surrounding environment, in the presence of environment noise, the QFI and the corresponding measurement precision will be reduced, which have been studied by many researchers [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . For interferometers, there are three typical decoherence processes that should be taken into account: (1) photon losses, which may happen at any stage of the phase process and is modeled by the fictitious BS introduced in the interferometer arms. The effect of photon losses on the interferometry has been studied [41, 42, 51] , where this decoherence process can be described by a set of Kraus operators. (2) phase diffusion, which represents the effect of fluctuation of the estimated phase delay. Recently, Escher et al. [52] presented a variational approach to show an analytical bound based on purification techniques, which has an explicit dependence on the mathematical description of the noise. In some physical processes, such as path length fluctuations of a stabilized interferometer, thermal fluctuations of an optical fibre, phase and phase diffusion may vary in time [55] . The weak measurements and joint estimation were used to deal the phase and phase diffusion simultaneously for quantum metrology [56, 57] . Recently, using this variational approach, Zwierz and Wiseman extended the phase diffusion noise from linear to nonlinear and gave the precision bound for a second-order phase-diffusion noise [58] . (3) detection losses [35, 54] . The influence of the detection loss on the phase sensitivity is less than the photon loss inside the interferometer. As for SU (1, 1) interferometers, the influence of detection loss can be suppressed by using unbalanced gains in the two nonlinear processes [24, 59] .
In addition to the detection losses, the photon losses and phase diffusion need to be investigated. Although, the photon losses effect on phase estimation in an SU(1,1) interferometer have been studied [35, 36, 60] . However, a more accurate and efficient scheme is required to estimate the phase shift considering the effects of phase diffusion and photon losses simultaneously. In this paper, we derive the QFI of the SU(1,1) interferometer in the presence of phase diffusion and photon losses simultaneously based on the generalized phase transform. Then the phase estimation precision as a function of the decoherence coefficients is discussed and the upper bound of decoherence coefficients to beat the standard quantum limit is given.
Our article is organized as follows. In Sec. II, we briefly describe the generalized decoherence model. In Sec. III, the form of generalized phase transform is given based on the purification process, based on which the Kraus operators including the photon losses and phase diffusion coefficients are derived. In Sec. IV, the QFI of the SU(1,1) interferometer in the presence of losses and phase diffusion simultaneously is obtained and discussed. Finally, we conclude with a summary of our results.
FIG. 1.
Schematic diagram of an SU(1,1) interferometer. |ψin , |ψS and |ψ φ are the different states of the evolution process without decoherence. φa and φ b are the phase shifts arms a and b, respectively.
II. DECOHERENCE MODEL OF SU(1,1) INTERFEROMETERS
Decoherence is a consequence of the uncontrolled interactions of a quantum system with the environment.
Effects of decoherence inside an interferometer should be taken into account. Recently, Escher et al. [51] developed a general formalism in the presence of losses. Here, we extend this model to derive the QFI in the presence of losses and phase diffusion simultaneously.
Given an initial pure stateρ 0S = |ψ S ψ S | of a system S, in the presence of losses and phase diffusion the evolution of system is non-unitary. However, in a bigger space the final enlarged state is given bŷ
whereÛ S,E,E ′ (η, β, φ) is the corresponding unitary operator of the enlarged state (S + E + E ′ ).ρ 0E = |0 E 0 E |, |0 E is the initial state of the phase diffusion model, and β is the phase diffusion coefficient (β = 0, corresponding to no diffusion; β = ∞, corresponding to maximum diffusion).ρ 0E ′ = |0 E ′ 0 E ′ |, |0 E ′ is the initial state of the photon loss environment. η quantifies the photon losses (from η = 1, lossless case, to η = 0, complete absorption).
When the environment E ′ is not monitored, one may take the partial trace with respect to E ′ ,
where |l E ′ are the orthogonal states of the environment
Kraus operators which not only describe the photon losses process, but also include the phase evolution. Without considering photon losses and only considering the phase diffusion, based on the purified process the enlarged systemenvironment (S + E) state is written as
whereŨ (φ, β) is the generalized phase transformation including the phase diffusion coefficient β compared to the phase transformÛ (φ) of the ideal interferometer.
are Kraus operators without considering the phase shift. In realistic systems the photon losses are distributed throughout the arms of interferometer, not an event concentrated either before or af-
are just a matter of convenience. An optimized Kraus operatorΠ l (η, β, φ) can be obtained by making the QFI is minimal, which will be given in the next section. For the enlarged system-environment (S+E+E
Therefore, in terms of the initial state of the system |ψ S , the initial state of the phase diffusion model |0 E , and the Kraus operatorsΠ l (η, β, φ), the enlarged state can be written as |Ψ SEE ′ = lΠ l (η, β, φ)|ψ S |0 E |l E ′ , then the value of C Q is given by [51] 
Because the additional freedom supplied by the environment (E + E ′ ) should increase the QFI. Therefore, the QFI F Q only describing the system should be smaller or equal to the C Q obtained on the system plus environment (E + E ′ ). It is possible to determine the value of QFI F Q [ρ S ] by two steps minimizing the upper bound C Q [ρ S,E,E ′ ]. One is by optimizing over all possible measurementsΠ l , the other is by the minimum all possible purifications |Φ S,E (φ) . The relation between F Q [ρ S ] and C Q [ρ S,E,E ′ ] is written as Next, we will describe the unitary phase transform U (φ), the generalized phase transformŨ (φ, β), and the
A. Phase transformationÛ (φ)
An SU(1,1) interferometer is shown in Fig. 1 , and the annihilation operators of the two modes a, b are denoted asâ,b, respectively. After the first NBS, the two beams sustain phase shifts, i.e., mode a undergoes a phase shift of φ a and mode b undergoes a phase shift of φ b . In an ideal interferometer, the transformation of the incoming state vector |ψ S in the Schrödinger picture is given as following
andÛ
where
The operator e i(φa−φ b )Ĵz gives rise to phase factors which do not contribute to the expectation values of number operators.
B. Generalized phase transformationŨ (φ, β)
In an SU(1,1) interferometer, it is vital to take into account the unavoidable influence of noise on the ultimate precision limits. The collective dephasing or the phase noise represents the effect of fluctuation of the estimated phase shift φ, which is also termed as phase diffusion. Now, we derive the generalizedŨ (φ, β) including the phase diffusion.
In the Markovian limit, the phase diffusion environment is static, and the diffusion coefficient is a timeindependent variance. When the noisy environments cannot be described in terms of a Markovian master equation, the time-dependent variance and the dynamical properties of the environment should be considered [55] . The phase diffusion of state can be modeled by the effects of the radiation pressure on the interferometer mirror, where the light is being reflected from a mirror which position fluctuations are randomly changing the effective optical length [51] . Assuming the measuring time is much less than the vibration period of the mirror, the evolution between the light field and the mirror is taken as
wheren is the number operator of light field,
andb E are the position and annihilate operators of mirror. Assuming the mirrors as the environments in the ground state of a quantum oscillator |0 Ea and |0 E b before interaction with the light beam, the final state of the combined system (S + E) of the probe and the mirror is given by
whereÛ S,E (φ, β a , β b ) is the corresponding unitary operator acting on the enlarged state. β a and β b are diffusion coefficients in arms a and b, respectively. This particular purification also leads to a trivial noiseless upper bound on the QFI as in Ref [52] . However, the purified unitary evolution is integrally written as
whereû E is a unitary operator acting only on the E. To the same evolution of system S, many evolution of systems of S +E lead to possibly different values of the QFI. Therefore, a stronger upper bound can be obtained by minimizing C Q [|Ψ S,E ] over all purifications of the system S. Inserting the evolution operatorû E (x)Û S,E (x) into Eq. (4) without considering the enviroment E ′ , we obtain H S,E and the corresponding QFI C Q = 4 ∆Ĥ 2 S,E . As ∆Ĥ 2 S,E only depends onû E (x) throughĥ E (x), which is defined asĥ E (x) = i(dû † E /dx)û E [52] . Next, we follow the method of Escher et al. [52] to derive an optimalĥ
, from which we can obtain a tighter upper bound to the QFI of the system S, and then the corresponding generalized phase transformŨ (φ, β). The optimal Hermitian operatorĥ (opt) E is given by
] is the reduced density matrix in the E space, and D [ρ S,E ] is defined as
From Eq. (12), the reduced density matrix of the mirror associated with the purification |Φ S,E (φ) iŝ
and
whereb Ei = (x Ei + ip Ei )/ √ 2 withp Ei being the dimensionless momentum operator of mirror (i = a, b) . Therefore, the Eq. (14) can be rewritten as
To get a tighter upper bound to the QFI of the system S, according to the Eq. (18) we can guessĥ
, and we can also obtain the optimalû E (x) = exp[iφλ(p Ea /4β a +p E b /4β b )] with λ being a variational parameter [51] . The new purification process produces the following enlarged system-environment (S + E) state:
where the generalized phase transformŨ (φ, β a , β b ) is given bỹ
C. Kraus operators with noisy
Here, we derive the Kraus operatorsΠ l (η, β, φ) including phase diffusion coefficients and photon loss coefficients based on the generalized phase transform U (φ, β a , β b ).
As shown in Fig. 2(b) , beam splitters are used as a model for the photon-loss mechanism [41] . After the photon passing through the virtual beam splitter, the evolution of the state can be described by a Kraus operator . Corresponding to the photon losses before or after the phase shifts, the Kraus operators including the generalized phase factorŨ (φ, β a , β b ) are written aŝ By introducing two parameters γ a and γ b , we define a family of Kraus operators, which can be used to minimize the value of C Q . Then a possible set of Kraus operators describing the phase diffusion and photon losses is given byΠ
where γ i describes the photon loss before (γ i = 0) and after (γ i = −1) the phase shifts of arm i (i = a, b).
III. QFI OF SU(1,1) INTERFEROMETERS
In this section, we use the above Kraus operators to obtain the QFI in the presence of photon losses and phase diffusion simultaneously.
Without decoherence, the definition of QFI for pure states is simplified to [61] 
The QFI of an SU(1,1) interferometer can be worked out
. Further simplification, the QFI F Q can be written as [60] 
where , b) , and Cov[n a ,n b ] = n anb − n a n b . · and ∆ 2 · are the respective average and the variance calculated in the state |ψ S .
In the presence of photon losses and phase diffusion simultaneously, the QFI can be obtained from the extend method of Eq. (6). With Eq. (23), the Hermitian operatorsĤ 1,2 becomê
Then from Eq. (6), the upper bound C Q of state (S + E + E ′ ) can be worked out:
, · and ∆ 2 · are the respective average and the variance calculated in the state |ψ S |0 Ea |0 E b . We minimize the above C Q by the parameters γ ′ j (j = a, b) and λ. The minimum of C Q is reached for
and i = j),
where C Q is the OFI of the state (S + E ′ ). Substituting those optimal results γ ′ opt,i and λ opt into C Q , the minimal C Q is given by
and the corresponding phase sensitivity is ∆φ ≥ 1
The phase sensitivity shows the decoherence effect on the phase estimation, which is dependent on the photon loss coefficients η i , and the phase diffusion noise coefficients β i (i = a, b). When the phase diffusion noise coefficients β a = β b = 0, the above Eq. (34) can reduce to the result of only photon loss exists [60] ∆φ ≥ 1/ C Q .
On the other hand, when the photon loss coefficients η a = η b = 0, the result reduces to
It also coincides with bound obtained in Ref. [52] when β a = β b = β. If η i = 0 and β i = 0 (i = a, b), we can recover the result of lossless case ∆φ ≥ 1/F Q . Considering a coherent light (α = |α| e iθα ) combined with a single-mode squeezed vacuum light (|0, ς with ς = r exp(iθ ς ) is the squeezing parameter) input, and g describing the strength in NBS process, we analyze the phase sensitivity numerically. Only considering the effect of phase diffusion, the phase sensitivity as a function of mean total photon number N Tot with different phase diffusion coefficients is shown in Fig. 3(a) , where the SQL and HL denote the standard quantum limit and Heisenberg limit, respectively. The optimal sensitivity of phase estimation could still beat the SQL when β < β cri with the subscript "cri" stands for critical value. The critical β cri is dependent on the total mean photon number, and the β cri versus the N Tot is shown in Fig. 3(b) . Only considering the effect of photon losses, the phase sensitivity as a function of photon losses in both arms η a and η b is shown in Fig. 4(a) , and the η cri versus the N Tot in Fig. 4(b) . The SU(1,1) interferometer can tolerate 10% the photon loss when N Tot < 4500. The phase sensitivity as a function of photon losses η (η a = η b = η) and phase diffusion β (β a = β b = β) in both arms is shown in Fig. 5 . It is demonstrated that the phase precision estimation is more tolerant with loss of light field compared with phase diffusion.
IV. CONCLUSIONS
In conclusion we have studied the effects of decoherence on the phase sensitivity in an SU(1,1) interferometer. Based on the generalized phase transform including phase diffusion coefficients, we derived the phase sensitivity of an SU(1,1) interferometer in the presence of phase diffusion and photon losses simultaneously. The loss of light field and phase diffusion degraded the measure precision, and we have given the critical values where the phase sensitivity below the SNL in the presence of phase diffusion or photon losses. 
V. ACKNOWLEDGEMENTS

